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A NOTE ON EULERIAN POLYNOMIALS
OF HIGHER ORDER

JoNngsuNg CHor*

ABSTRACT. In this paper we derive some identities on Eulerian
polynomials of higher order from non-linear ordinary differential
equations. We show that the generating functions of Eulerian poly-
nomials are solutions of our non-linear ordinary differential equa-
tions.

1. Introduction

It is well known that the generating function F'(¢,z) of Euler poly-
nomials E,(z) is given by

2 tr
— t_
(1.1) F(t,x) = T 16”5 = nE_O En(:z)n'

In the special case, x = 0, E,(0) = E,, is the n-th Euler number.
From (1.1), we note that
(1.2) Ey=1, (E+1)"+E,=0, ifn>0,

with the usual convention of replacing E” by E,. The generating func-
tion F,(t,z) of Eulerian polynomials H, (x|u) are defined by

e
et —u

l—u R "
(1.3) Fy(t,z) = t— ZHn(x|u)m,
n=0

where u € C with u # 1 (see [1,2]). In the special case, x = 0, H,,(0|u) =
Hp(u) is called the n-th Eulerian number (see [2]). Sometimes that is
called the n-th Frobenius-Euler number (see [3-7]).

From (1.1) and (1.3), we note that H,(z| — 1) = E,(z).
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By (1.3), we get
1—-u

. > t\ [ o= zktk
= (Smn) (S5)

(1.4)

From (1.3) and (1.4), we get

(1.5) Hy () =3 <7Z> U ) = () + 2)"

=0

with the usual convention of replacing H"(u) by Hy(u).
By (1.5), we obtain

|y 1—uet_ 1—u

U
et —u et —u

= S (H@) )" =S uH ()
n=0 n=0

Thus, we get the recurrence relation for H,,(u) as follows:
(1.7) Ho(u) =1, Hp(1llu) —uH,(u) = (1 —u)don,
where 0y, j, is Kronecker symbol (see [1-7]).

For N € N, the n-th Eulerian polynomials HéN)(x|u) of order N are
defined by generating function as follows:

1—u 1—wu 1—-u
N _ t
E.)(t,x)= <et—u) X <et—u> X +ee X (et—u>6x
(1.8) N-times

=3 B @l
=0 n.

In the special case, x = 0, H}LN)(O]u) = H,(ZN)(u) are called the n-th
Eulerian numbers of order N (see [1-7]).

In [6], T. Kim introduced important ideas to obtain some new iden-
tities between the sums of products of Frobenius-Euler polynomials and
Frobenius-Euler polynomials of higher order. The main idea is to con-
struct non-linear ordinary differential equations with respect to ¢t which
are closely related to the generating functions of Frobenius-Euler poly-
nomials.




A note on Eulerian polynomials of higher order

In this paper, we consider non-linear ordinary differential equations
with respect to u not t. The purpose of this paper is to give some
new identities on the Eulerian polynomials of higher order by using the

non-linear ordinary differential equations with respect to w.

2. Constuction of non-linear differential equations

We define that

1—u

F=F(u) = and

el —u
FN(t,x) = F x --- x Fe® for N € N.

N—times

(2.1)

We note that F(t,z) = F,(t,z) = Fe*.
By (2.1), we get

pO_@F_ 1 1-uw 1 1—u)?
(2.2) du l—wuet—u l—wu\el—u
1
=— F—F?%).
1_u( )

By (2.2), we obtain

03 FO(t, 2) = FM et — —ﬁ (F(t,z) — F*(t,2)),

(1—uw)FY + F=F2

THEOREM 2.1. For u € C withu # 1, N € N,

1—
F(u) = Y is a solution of
—u

N—-1
(2.4) FNuy =Y %(1 —w)FF® (),
k=0
where F®) () = dk};gcu) and FN(u) = F(u) x --- x F(u).

N —times

Proof. (Mathematical Induction)
(i) If N =1, then it is obvious.
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(ii) Assume that (2.4) is true for some N > 1. Let us consider the
derivative of (2.4).

N-—
NFN-1p®) 1| ( — ) FR 41— u)kF(kH))
(2.5) k=0

,_.

Thus, from (2.3) and (2.5), we have

]\1]‘ (1 —u)NFWN = pN=1(1 — ) F) = PN=Y(—F 4 F?)

By (2.5) and (2.6), we get

(2.6)

1 Y
N+l _ pN | L 4 _ —(1—u)* k).
FNH = FN 4+ (1 => 1w F(
k=0
O
COROLLARY 2.2. For u € C withu # 1, N € N,
1—
F(t,z) = - Y et is a solution of
et —u
N-1 1
(2.7) 50 wFF® (¢, ).
k=0
Proof. Tt is proved from the facts FN (¢, z) = FN (u)e® and F®¥) (¢, 2) =
d"F(u)
Wer . UJ

3. Identities on the Eulerian numbers and polynomials of
higher order

THEOREM 3.1. For N e N,neZ; =NU {()}, we have

Proof. By (1.8) and (2.1), we get

1—u 1—u = "
(3.1) FN= o xx o= 3 HV (1)
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From (1.3) and (2.1), we get

d*F(u) = d"H,(u) t"
(k) — — 2 Am\R
(3.2) F duk duF  nl’

n=0

By (2.7) and comparing with coefficients of (3.1) and (3.2), we obtain
the result of this theorem. O

COROLLARY 3.2. For N € N, n € Z, we have

2 (11, L ,ZN) Hy, (w)Hiy (u) -+ Huy (u)

li++In=n
PR L dRH, (u)
=2 -
k=0

Proof. From (3.1), we obtain

oo n 1— 1—
S HM WS = S 2
n=0

nl et —u el —u
N —times
& th & th
= ZHll(u)l' X oo X ZHZN(u)l '
(33) 11=0 In=0
5y W Hyw) )
! Iy! n!

= Z Z <l17 . .n >H11 (u)Hy, (u) - - - Hyy (u) g

=0 \ 1+ +lny=n ol
Therefore, by Theorem 3.1 and (3.3), it is proved. O

COROLLARY 3.3. For N € N, n € Z, we have

N-1 n

n kH, (u
HY (2]u) = ;!(1—@’{:( )$”_ZC”{().

l du®
k=0 =0
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Proof. From (1.4) and (3.2) we get

F® (¢ 5) =
B dkH (w) ™) (= z"t"
(3.4) N Cduk ol — nl
- i i:( ) g Hlk L
= du
Therefore, by (1.8), (2.7) and (3.4), it is proved. O
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